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Let D be a division ring of characteristic zero. Then the nth Weyl algebra 
A, = A,(D) is the associative D-algebra with 1 generated by the 2n elements 
Xl ,a**, x, > 8 r ,..., 6, with the relations [xi, xjl = 0 = [0, , ei] and [xi , oil = S,! 
where [a, b] = ab - ba. We work with Weyl algebras over division rings 
rather than fields for two reasons. First, at no time does this generalization 
create any difficulties (note that A,(D) is still simple). Second, [4; 7, Sect. 61 
show that it is sometimes convenient to work with this more general case to 
obtain results about Weyl algebras over fields. 
Section 1 gives a technical result that is needed in both the other sections. 
The result is: given any nonzero element b in A, , then the generators xi and ej 
can be chosen in such a way that b is manic as a polynomial in x, (up to multi- 
plication by a unit). Section 2 uses this to prove that the Weyl algebras are 
stably free. Together with [7, Theorem 6.31, this proves that projective A,- 
modules of rank 25 are free. It would also seem reasonable from [7] that all 
projective An-modules of rank 22 are free. This leaves the question of projective 
(right) ideals of A, . Although these need not be free, the main result of Section 3 
shows that they do have a certain “freeness.” Specifically, let P be a projective, 
or more generally a reflexive, right ideal of A, . Then there exists a partial 
quotient ring B of A, and an element c E B such that P = CB n A,, . In a 
sense, all the results of this paper are to be expected as parallel results hold 
for polynomial extensions of fields. 
1. MONIC ELEMENTS 
Define an element b E A, to be D-monk, as a polynomial in (say) x,, , if 
there exists u E D such that bu is manic as a polynomial in x, . The intention 
of this section is to prove that, for any nonzero element b E A, , there exists 
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a D-automorphism u of A, such that u(6) is D-manic as a polynomial in x, . 
Equivalently, the generators xi and Bj of A, can be chosen such that b is D-manic. 
The result is a generalization of an observation in [5] which proved this for A, . 
The automorphisms that are used are products of the following. For 0 < i < n 
and v E D, define giV to be the automorphism for which 
and uiu fixes D and the other 2n - 2 generators. For n < i < 2n and v E D 
define oiV to be the automorphism for which 
and uiV fixes D and the remaining generators. 
THEOREM 1.1. (a) Let b, ,..., b, E A, . Then there exists a D-automorphism 
u of A, such that each u(b,) is D-monk as a polynomial in x, . Further, u is 
constructed as a product of the uiv de$ined above. 
(b) Equivalently, the generators xi and 0, of A,, can be chosen such that 
each b, is D-manic as a polynomial in x,~, . 
Proof. (a) We start by proving the theorem for just one element b = 6, , 
Let m be the total degree of x1 and x,, in b. Then b can be written as 
b = c x,~x&~ with pij E B == D[x, ,..., X,-1 , e, ,..., e,]. 
Choose v ED and consider ul,,(b). Certainly the total degree of x1 and x, in 
u,,(b) equals m. Further, the coefficient of xnnl in u,,(b) is a nontrivial polynomial 
in v with coefficients in B. Since char(D) = 0, this polynomial is nonzero 
for all but a finite number of values of V. So choose v to avoid these values. 
Now uIIY(b) has a nonzero term in xVm. 
Likewise for each X~ (K < n) and 8, (j < n), there exists a suitable auto- 
morphism, given by the appropriate uiV , such that the degree of x,, in uiy(b) 
is equal to the total degree of x, and xk (or 0,) in b. 
Consider the operation of replacing b by u<“(b) for some i and V. Call this 
operation nontrivial if it strictly increases the degree of x, in 6 and make as 
many nontrivial such operations as is possible (which will be a finite number 
bounded by the total degree of b). We claim that b is now D-manic. Suppose 
not; then 
b = x,Tnf,l + ... +fo 
where fi E A,_,[O,] and fin has degree 21 as a polynomial in (say) .~r . But 
now the total degree of x1 and x,, in b is >m + 1. Hence there exists Y E D 
such that the degree of x,, in q,(b) is greater than that in b, a contradiction. 
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Finally we need to prove the theorem on 6, ,..., b, simultaneously. However, 
since at each stage in the above proof only a finite number of choices of Y were 
excluded, the above process can be used simultaneously on r elements. 
(b) Let u be the D-automorphism of A, such that each u(bk) is D-manic 
as a polynomial in x, . Now the u-‘(xi) and u-r(0,) form a canonical set of 
generators of A, and each b, is D-manic as a polynomial in a-l(x,). So replace 
xi by U-l(q) and 0, by u-l(BJ. 1 
COROLLARY 1.2. Let A+Jy] be a polynomial extension of A,-, in a com- 
muting variable and let b, , . . . . b, E A+Jy]. Then there exists an automorphism a 
of A,-,[y] such that each u(bJ is D-monk as a polynomial in y. 
Proof. For 0 < i < n, define uiV by uiV(xi) = xi + vy, and uiV fixes D 
and the remaining 2n - 2 generators. Define uiV , for n < i < 2n, similarly. 
The result is now proved in the same manner as is Theorem 1.1. 1 
2. WEYL ALGEBFM ARE STABLY FREE 
A ring R is called stably free if, given any finitely generated projective 
R-module P, then there exists a finitely generated free R-module Rc8) such 
that P @ R(s) is free. Let R be a Noetherian ring and 6 a derivation on R. 
An Ore extension S = R,[yJ of R is defined to be the extension of R in a single 
indeterminate y subject to the relation [y, Y] = S(Y) for all Y E R. Elements 
of S are considered as polynomials in y with coefficients in R. Thus if f E S 
then deg f denotes the degree off as a polynomial in y. The free right S-module 
,!P) is filtered by the sets 
St’ = {(fi ,..., fr) E 5’“: degfi < m for 1 < i < Y). 
Of course, by writing fi as C yigii with gii E R, then as R-modules SL) E R(“r). 
Let P be a finitely generated projective S-module. Then P can be embedded 
in So) for some r and the filtration on S@) induces a filtration on P by the sets 
P n Sz’. Since S is Noetherian, there exists an integer m, such that, for m > m,, , 
(P n SZ))S = P. 
LEMMA 2.1. For any m > m, , the following is a short exact sequence of 
S-modules: 
where c1 is given by 
(fi Y>fJ og fi (fiY,**.,~Y) og - (fi ,...,fr) @YE, 
and j3 is the composition map (fi ,..., f,.) @g F+ (f,g ,..., f,g). 
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Proof. The proof is routine with the possible exception of showing 
that ker@) _C Im(a). S o suppose t E ker@). Then t can be written as t - 
2: ((fil ,...,fir) By”) with (fji ,...,fir) E P n Sgi, . The proof is by induction 
on K with the case K = 0 being trivial. Now for 1 < j < Y, xifijyi = 0. 
Thus for each j, 
foj L -f&y’ = -(ffijy-l)y = qiy, 
1 1 
Since each (f$i ,... deg qj f m for eac$);e:cecertainly (a 7-.9 4 E P. But degfoj G m + 1, so 
(91 ,...t qp) E P n Sk’. 
Write t = t, + tzy where 
and 
t2 = c Kfi,ll mfi+1r) Ori) - (Ql 9**., qr) 0 1. 
0 
Certainly tl and t, E (P n SLLi) OR S and t, E Im(ol). But 
B(t2) Y = B(t) - P(h) = 0. 
So t, E ker@). Thus by the inductive hypothesis, t, E Im(a) and so t E Im(a). 1 
THEOREM 2.2. A, is stably free. 
Proof. The proof is by induction on n. Certainly A, = D is stably free. 
So suppose A,-, is stably free. Th en A,-JO,] is stably free, either by 
Grothendieck’s theorem [I, Theorem 3.1, p. 6361 or by repeating the proof 
of this theorem. Let P be a projective finitely generated An-module and take r 
to be the minimum integer such that P can be embedded in A:‘. Then P 
contains nonzero elements cisi for 1 < i < r (where ci stands for the element 
of A:’ with a 1 in the ith copy of A, and zeros elsewhere). By Theorem l.](b) 
we may assume that each si is D-manic as a polynomial in X, . Write R = 
A,-,[e,] and S = A, . Choose m, such that m, 3 max(deg si) and, for m > m, , 
(P n 5’2))s = P. Then for m > m. there exists a short exact sequence of 
R-modules; 
O-+PnS$‘& P n ,$,$ -5 RtT) -- 0, 
where CJ is the natural embedding and r is the map 
(SC) 
(fl ,-,fJ H (g, Y.vg,h 
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where fi = xm+lgi + terms of lower degree. (T is onto since the Si are D-manic.) 
Thus for any finitely generated left R-module N and i > 1, the appropriate 
long exact sequence of homology of (*) gives ToriR(P n SC’, N) s ToriR(P n 
SEil, N), with the isomorphism being the map induced by (I. Now, since P 
is a flat R-module, or i > 1 we have 
0 = Tori”(P, N) = ToriR(b P A S$‘, N) 
= l& ToriR(P n Sk’, N) by [2, Vl, Example 17, p. 1251 
= Tor,“(P n 5’:)) N) for any m > m. . 
Thus for m > m0 , P n SK) is flat and thus, since it is Noetherian, it is a 
projective R-module by [I, VI, Example 3b, p. 1221. But R is stably free, so 
there exists s < co such that (P n SL’) @ Rc8) and (P n S,$,) @ RfS) are 
free (say isomorphic to Rtt) and R(%), respectively). From Lemma 2.1, 
So P @ Set) is free. I 
3. REFLEXIVE RIGHT IDEALS 
As has already been remarked, Theorem 2.2, together with [7, Theorem 6.31, 
prove that projective &-modules of rank 25 are free, and it is reasonable 
to hope that the same is true for projective modules of rank 32. Of course 
projective right ideals need not be free (for example, the right ideal x~~A, + 
(x& + l)A, of A, is projective but not free). However, the main result of 
this section shows that projective, and more generally reflexive, right ideals 
do have a certain freeness. Specifically, if P is a reflexive right ideal of A, , 
then there exists a partial quotient ring B of A, and an element c E B such that 
P=cBnA,. 
We start with some general observations. Let R be a Noetherian domain 
with full quotient ring Q. If N is a nonzero finitely generated right R-submodule 
of Q, define 
N* =(~EQ:~NCR}. 
Then N* is a finitely generated left R-submodule of Q. (Similarly if N is a 
left module, N* is a right module.) Certainly N** > N and N is called r@exiwe 
if N** = N. Since N* = N***, N* is always reflexive. Likewise since 
N* z Hom,(N, R), if N is projective, so is N* and N is reflexive. If N is 
generated by elements n, , then N* is the intersection of the R-submodules 
Rn;l of Q. 
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Returning to the Weyl algebras, let G denote the subset {x1 ,..., X, , 8, ,..., e,} 
of A, . If T is a proper subset of G, let E(T) denote the D-subalgebra of A, 
with 1 generated by T and write AE for the partial quotient ring of A, obtained 
by localizing at the nonzero elements of E. For 1 < i < n let Ti = G\(x<} 
and T,+i = G\{ei}. Let E(i) = E(T,) and write Bi = AEcI) . Clearly each B, 
is a principal left and right ideal domain. 
LEMMA 3.1. Let c E A, be manic as a polynomial in x, . Then cB, n A, = CA, . 
Proof. Suppose c = x,? + x:-%-r + ..’ + f. with fi E A,-,[0,] and that 
cB, n A, # CA, . Then there exists g E B,\A, such that cg E A,\cA, . So let 
g = x?z%, + ... s&J, 
where the gi belong to the full quotient ring of A,-,[B,]. Suppose t is the 
maximum integer such that g, does not belong to A,-,[q,]. Now the coefficient 
of XL+’ in cg is 
1 . gt + fr-,gt+1 + . . . + ~(fd% . gt+2 + . ..a 
Certainly all but the first term belong to A,-,[0,]. However, since cg E A, , 
the coefficient as a whole is in A,-,[0,] and so g, E A,...1[8,], which contradicts 
the assumption on t. 1 
THEOREM 3.2. (a) Let I be a refexive right ideal of A, . Then there exists 
a partial quotient ring B and an element c E I such that I = IB n A, = CB n A, . 
Furthermore, the generators xi and 0, of A, can be chosen such that B = B, . 
(b) Conversely, let B be a hereditary partial quotient ring of A, and let I 
be a right ideal of A, such that I = IB n A, . Then I is reflexive. 
Proof. (a) I = (I*)* and so is the intersection of a finite number of cyclic 
R-submodules of Q, say I = 0 niAn . By the Ore condition there exists t E A, 
such that, for each i, mi = tn, E A, . Let J = tI = n miAn . By Theorem 
1.1 (b) choose the generators of A, such that each m, is D-manic as a polynomial 
in x, . Thus each m,A, is generated by a manic element. Let B = B, (defined 
in terms of these new generators). Then 
JB n A, = (n m,A,) B n A, = n (m,B n A,,). 
But by Lemma 3.1, miB n A, = miAn . Thus JB n A, = n miAn = J. 
Now if gEIBnA,, then tgEJBnA,= J=tI. Thus gEI and I= 
IBnA,=cBnA,forsomecEI. 
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(b) Certainly I* = (1**)*. So IB = I**B by [3, Lemma 2.11. Thus 
I** C I**B n A, = IB n A, = I, 
and I is reflexive. 1 
Note that Theorem 2.1(a) is not true if the generators of A, are fixed. It 
is not even true that I reflexive implies that IBi A A, = I for some i < 2n. 
For example, let 1 = CA, where c = (~~0, + 1)(x,& + 1). Now for each of 
the Bi , either 0;’ or 0;’ is in Bi . If 0;r E Bi then 
cx@ = x12(x202 + 1) E (cBi n A,)\cA, . 
If t9i1 E Bi then cxsi9$ E A,\cA, . Thus for each Bi we have cBi n A, # CA,. 
However, it is true that n cBi = CA,. This is a corollary of the following 
theorem. 
THEOREM 3.3. Let R = AE for some E = E(T). Then R, is dejned for any 
F=F(U)with UapropersubsetofG’=G\T.Ifi<IG’j thenR=nR, 
where the intersection is taken over all F( U) with 1 U 1 = i. 
Proof. Let r = 1 G” /. The result is trivial if r < 2, so suppose r 3 2. 
By induction it is sufficient to prove the theorem for 1 7J / = 1. For simplicity 
write R = V[y, ,..., yr] where V is a division ring and the yi are the elements 
of G”. Suppose that R # n RF and let f E (n R,)\R. Then for 1 < i < r, 
f = g,h;’ with gi E R and hi E V[y,]. Let I = R n f -lR. Since f 6 R, R g f -lR 
and so I # R. For 1 < i < r, hi E I, so R/I is finitely generated and nonzero 
as a V-module. Thus by [6, Corollary 1.7(b)], with pd standing for projective 
dimension, pd(R/I) = i as a V[y, ,..., y,]-module. In particular pd,(R/I) = r. 
Now consider the following short exact sequence (with the natural maps); 
If pd,R>2 then pdRI,(pd,R-2<r-2 and if pd,R=l then 
pd, I = 0 < r - 2. Both cases contradict pd,(R/I) = r. B 
COROLLARY 3.4. In the notation of Theorem 3.3, let i < / G’ 1 and P be a 
rejexive right ideal of R. Then P = n PR, where the intersection is taken over 
all F = F(U) with 1 U J = i. In particular, if R = A, then P = n PB, . 
Proof. Now P = nici R for some Ci in Q. Thus n PRF = &((& ciR)RF) = 
fMci(nF Rd) = (1~8 = p. I 
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